Leading order (α 4 ) finite size corrections in muonic deuterium are evaluated within a few body formalism for the µ − pn system in muonic deuterium and found to be sensitive to the input of the deuteron wave function. We show that this sensitivity, taken along with the precise deuteron charge radius determined from muonic atom spectroscopy can be used to determine the elusive deuteron D-state probability, P D , for a given model of the nucleon-nucleon (NN) potential. The radius calculated with a P D of 4.3% in the chiral NN models and about 5.7% in the high precision NN potentials is favoured most by the µ − d data. *
I. INTRODUCTION
The lightest nucleus, namely, the deuteron, has traditionally held an important place in nuclear physics as a testing ground for the nucleon-nucleon interaction. Determining the D-state probability in the deuteron wave function in particular has been a classic problem of nuclear physics [1] [2] [3] . Stating the problem in simple words, the deuteron has a quadrupole moment and hence cannot be in a pure S-state but rather a D-state admixture is required.
However, as it was shown in [4] that the D-state probability, P D = ∞ 0 w 2 (r)dr (with w(r)
being the deuteron radial wave function with l = 2), is inaccessible directly to experiments, it is usually the asymptotic D-state to S-state wave function ratio, η [2, 5] , which is determined. There do exist attempts to determine P D from the measured magnetic moment of the deuteron, µ D , with, µ D = µ S − (3/2)P D (µ S − 1/2) + δ R , where, µ S = µ P + µ N is the isoscalar nucleon magnetic moment. However, the term δ R which includes mesonic exchange effects, relativistic corrections, dynamical effects and isobar configurations in the deuteron introduces uncertainties in the extraction of P D [6] . This fact was noticed in one of the oldest works by Feshbach and Schwinger [1] on the theory of nuclear forces which gave the D-state probability, P D , ranging between 2% to 6%. Much later, Ref. [7] listed values of P D ranging from 0.28 to 6.47% for 9 different nucleon-nucleon (NN) potentials. However, earlier in [8] the possible minimum was shown to be 0.45%. With P D not being a measurable quantity,
Refs [2] and [5] determined the asymptotic ratio η = 0.0256 ± 0.0004 and 0.0268 ± 0.0013 from tensor analyzing powers in sub-Coulomb (d, p) reactions and dp elastic scattering respectively. In the absence of a "measured" D-state probability, theoretical models of the NN interaction also try to reproduce the asymptotic ratio η determined from experiments (in addition to other data) to confirm the reliability of the NN model [3] .
The purpose of this work is to present a new method which provides a means to fix the percentage of the "elusive" [4] D-state probability, P D , from experiments in an indirect manner. The method is particularly useful in view of the very high precision reported by recent muonic deuterium experiments [9] . It is based on a few body calculation of the leading order (α 4 ) finite size corrections (FSC) to the energy levels of muonic deuterium atoms.
There exists extensive literature on corrections including the deuteron polarization [10] [11] [12] , with detailed calculations of FSC at higher orders (α 5 , α 6 etc) [10] [11] [12] [13] . The sensitivity of the higher order FSC to the form of the nucleon-nucleon potential (and hence the deuteron wave function) is found to be small [10, 12] or negligible [14] . The leading FSC at order α 4 in these works is written in terms of the deuteron charge radius. The few body formalism of the present work helps in revealing the dependence of the leading FSC term on the proton and neutron form factors as well as the deuteron wave function. We show that a comparsion of the order α 4 FSC with those of Ref. [9] where the radius is precisely extracted from measurements in muonic deuterium provides a method to adjust the deuteron D-state probability. To be specific, we present calculations using different parametrizations of the deuteron wave function (with different amounts of the D-state probabilities) and compare the corrections with those given in [9] in a form dependent on the deuteron charge radius, r d . Though the general trend of the results is an increase in the radius for smaller values of P D , the results are found to depend on the type of model used. In the class of chiral models [15] , P D = 4.3% is found to be favourable for the closest agreement with the precise value of r d = 2.12562(78) fm [9] . Using high precision NN potentials such as Nijmegen, Reid, Paris etc [16] , P D = 5.7% to 5.8% is favoured by the µd data.
II. FINITE SIZE EFFECTS IN MUONIC DEUTERIUM
Finite size corrections (FSC) to the energy levels in the hydrogen atom has been a topic of revived interest [17] in the past few years due to the increase in the precision achieved in atomic spectroscopy measurements. These effects are manifested more strongly in muonic atoms due to the fact that the muon is about 200 times heavier than the electron and hence has a Bohr radius which is much smaller. In view of the recent precise measurement of the Lamb shift in muonic deuterium [9] , it seems timely to put forth the question as to what other impact (apart from the precise radius determination) does this measurement have on physics. In order to see this, we study the effects of deuteron structure on the energy levels in this atom. The present work considers the effects at leading order (α 4 ) and we refer the reader to [10] [11] [12] for higher order corrections.
A. Electromagnetic muon-deuteron potential
We investigate the finite size effects by calculating the energy correction, ∆E, using first order perturbation theory involving an electromagnetic muon-deuteron potential,
The latter is constructed using a three body approach to the muon-proton-neutron system with the proton and neutron being bound inside the deuteron. As we will see below, the µ − p and µ − n interactions are obtained using the proton and neutron electromagnetic form factors and the pn interaction is contained in the deuteron wave function. Such a potential can be constructed using standard techniques from scattering theory where we first write down the scattering amplitude to obtain the potential V µ − d (q) in momentum space and then evaluate its Fourier transform which enters the energy correction given by, ∆E =
This procedure of obtaining potentials in coordinate space is also common in quantum field theory [18] [19] [20] . Here, ∆V is the difference of V µ − d (r) and the µ − d electromagnetic potential assuming the deuteron to be point-like. Details of the few body formalism used here can be found in [21, 22] . We shall repeat the relevant steps briefly below.
The Hamiltonian of the quantum system consisting of a muon and a nucleus (with A nucleons) is given as [21] ,
where H 0 is the muon-nucleus kinetic energy operator (free Hamiltonian),
, where R and r i are the coordinates of the muon and the i th nucleon with respect to the centre of mass of the nucleus and H A is the total Hamiltonian of the nucleus containing the potential term, i =j V N N (|r i − r j |). We proceed with the assumption that the nucleus remains in its ground state during the scattering process, i.e., H A |Φ = ǫ |Φ and that the nucleons occupy fixed positions inside the nucleus. The muon -nucleus elastic scattering amplitude can be expressed as [21] 
terms of the matrix elements of the operator T obeying the Lippmann-Schwinger (L-S) 
If the internal Jacobi coordinates are denoted by x i , then relating them with r i = a i x 1 + b i x 2 + ... + g i x A−1 , we can write,
where
The above discussion is valid for any nucleus with A nucleons. In case of the muon-deuteron system, this reduces to
where we used, x 1 = r 1 − r 2 , r 1 = (1/2)x 1 and r 2 = −(1/2)x 1 . We identify 1 and 2 with proton and neutron so that,
To evaluate (2), we need the µ − -nucleon electromagnetic potential, which, with the inclusion of the nucleon electromagnetic form factors G N E (q 2 ) can be written using the formalism of the Breit equation [18] within the one-photon-exchange interaction. Since such a potential was explicitly derived in [17, 18] by evaluating the elastic muon-nucleon amplitude expanded in powers of 1/c 2 , we shall not repeat the derivation here. This potential with form factors contains 23 terms [18] corresponding to the (i) Coulomb potential, (ii) Darwin terms, and (iii) spin dependent terms which give rise to fine and hyperfine structure. If we consider only the scalar parts of the Breit potential, they depend only on q 2 and hence we can write, [17, 18] , where, q = k − k ′ is the momentum transfer carried by the exchanged photon. Denoting Q = |q|, the µ − N potential is given as [17] ,
where m N and m µ are the nucleon and muon masses. (2) and (3) we obtain the muon-deuteron electromag-
in momentum space. The integrals in this expression can be shown to reduce to [7] 
where, u(r) and w(r) are the radial parts of the deuteron S-and D-wave functions. Thus,
where the proton and neutron masses have been written as m p ≈ m n ≈ m N for simplicity.
We note here that the three body formalism allows us to include the relativistic corrections in the form of the Darwin terms since we are summing potentials between the muon and nucleons (both of which are spin -1/2 objects) and folding them with the nuclear structure part. Including the relativistic corrections directly in a muon-deuteron potential is otherwise a formidable task since one has to work with an equation for spin 1/2 -spin 1 elastic scattering with form factors. The above Darwin term is known as a recoil correction in atomic physics (see [24] for a detailed discussion).
The elementary potential (3) is calculated using the dipole proton form factor,
2 n ) as in [25] . These particular forms were chosen since using these forms of G p,n E along with the matter distribution G 0 (Q) of the deuteron gives good agreement with the deuteron charge form factor defined by [25] (see Fig. 1 ). The proton radius corresponding to the dipole G p E is 0.81 fm and is smaller than that of the free proton radius. However, an input of the dipole form of G p E reproduces the ed data well as can also be found in [26] .
B. Deuteron electric potential
This potential simply follows from the µ − d interaction potential in (4) by noting that the deuteron electric potential should be associated with the Coulomb interaction with form factors but cannot depend on the mass of the probe, in this case the muon. Thus,
where e is the positive charge of the deuteron. Denoting,
, its Fourier transform is the electric potential,
, the Laplacian of which gives the density ρ d (r).
Since we wish to study the sensitivity of the finite size corrections corrections to the D-state probability in the deuteron wave function, we shall use different parametrizations of the deuteron wave function involving about 2 to 7% of D-state probabilities in order to calculate G 0 (Q). One choice involves a parametrization of the wave function obtained from the Paris NN potential [27] with P S = |u(r)| parametrizing the wave functions but with different parameters, so that the probabilities are P S = 0.983 and P D = 0.017. Whereas the parameters in [27] were fitted to reproduce the numerical values of the Paris wave function, those in [28] were obtained by directly fitting the quadrupole moment and deuteron charge form factor data with G 0 (Q), assuming
In order to test the case with no D-wave component at all, we perform a calculation by normalizing the Paris u(r) in [27] to 1 and not using the D-wave at all. We also use an older parametrization [29] of the Hamada-Johnston wave functions (once again having similar forms as in [27] and [28] ) with P S = 0.93 and P D = 0.7. The charge form factor of the deuteron which is extracted from scattering experiments seems to be equally well produced (considering the error bars and the entire range shown) by all choices of the D-state probabilities (see Fig. 1 ).
C. Corrections to the 2S energy levels in muonic deuterium
Recent measurements of the 2S-2P transitions in muonic deuterium [9] have shown how precision spectroscopy of atomic energy levels can be used to determine the deuteron (and also the proton) radius more accurately than that extracted from any scattering exper- The effect of including the deuteron charge distribution, ρ d (r) in place of the point-like 1/r Coulomb potential can be incorporated by evaluating the energy correction using first order perturbation theory [31] , as,
where, Ψ nl (r) is the unperturbed atomic wave function and V d (r) is the Fourier transform of the deuteron electric potential in Eq. (5). If we now approximate Ψ nl (r) ≈ Ψ nl (0), it is easy to show that ∆E FS reduces to [31] ,
since,
.0731 meV/fm 2 and the right side of Eq. (7) is 6.0731 r 2 d as in [9, 24] . The approximation Ψ nl (r) ≈ Ψ nl (0) allows us to express the FSC in terms of the charge radius and thus opens the possibility of determining the charge radius of the proton or a nucleus from atomic spectroscopic data which would have otherwise been not possible. In Table I , we show the tiny difference between the calculation of ∆E F S using (6) or (7). The table also displays sensitivity of the corrections to the parametrization of the deuteron wave function. The magnitude of the corrections increases with the lowering of the D-state probability in the deuteron wave function. It is this sensitivity which leads us to the results shown in Table 2 which has been fitted to data using a similar formula, this difference does not matter.
III. DEUTERON CHARGE RADIUS AND D-STATE PROBABILITY
The electric potential V d (Q) in (5) can also be expressed as V d (Q) = 4πeG ch (Q)/Q 2 with,
being the Fourier transform of ρ d (r), so that using standard formulae for the expressions connecting radii and form factors [17] , we obtain, r
, where, the last term is the matter radius r
. Thus, for a given parametrization of G p E and G n E which reproduce the data on G ch (Q) as defined above well (see Fig. 1 ), r d can be seen to depend on the deuteron wave function w(r). By choosing a certain w(r), we choose also [9] . In studies of electron-deuteron scattering as in Ref.
[25], data have been interpreted in terms of the plane wave Born approximation (PWBA).
However, the effects of including distorted ed waves can become important for comparisons with precise data. Noting that the Coulomb distortion [32] changes the deuteron radius by 0.017 fm, the authors in [25] suggest an adjustment of the deuteron charge form factor by an amount δG C = −0.003 + 0.104 Q 2 which decreases the form factor at small Q 2 and increases the value of the radius. The results presented in Table 1 , however, do not take these effects into account since it is not appropriate to evaluate (6) (which involves V d (r)
obtained from a Fourier integral over all momenta) using the form factor corrected only at low Q 2 . The correction at low Q 2 introduces a disagreement with data at large Q 2 as shown in [25] . The above correction is however important for the calculation of the radius defined by the derivative of the form factor at Q 2 = 0 and hence in Table 2 , we present the deuteron charge radius, r d , with the Coulomb distortion correction of 0.017 fm as in [32] for different choices of the nucleon-nucleon (NN) potentials. High precision NN potentials [16] Chiral NN potentials [15] Paris parametrization (S) [27] Paris parametrization (S + D) [27] Phenomenological model [28] Traditional Models [33] r of the proton and neutron form factor parametrization (which affects the values of r p and r n entering in r
, can add a small uncertainty to the values deduced in Table 2 . The magnitude of these uncertainties using different parametrizations for G p E and G n E which reproduce the deuteron charge form factor,
] equally well, remains to be investigated in future.
IV. FINITE SIZE COULOMB PLUS DARWIN CORRECTIONS AT ORDER α 4
For completeness, we also calculate the FSC with the Darwin terms in (4) within the few body formalism. The Fourier transform of the muon-deuteron interaction potential, V µ − d (Q), can be done numerically to obtain the potential in coordinate space which can then be used to evaluate the energy correction using first order time independent perturbation theory as, where, Ψ nl (r) is the unperturbed atomic wave function. Note that we have subtracted the point-like contribution −α/r as well as the point-like Darwin terms from V µ − d (r) so that the quantity in square brackets is the perturbative potential only due to deuteron structure. In Table 3 , we list the finite size corrections (FSC) (to the Coulomb and Darwin terms) of order α 4 in muonic deuterium using Eq. (8) and different percentages of the D-state probabilities in the deuteron wave function for the energy levels with l = 0 and n = 1, 2. Since the numbers in Table 3 are not very different from those in Table 1 (compare the first line in Table 1 with the second line in Table 3 ), one can say that the FSC due to the Darwin terms are in general very small. Note that Eqs (8) and (6) To summarize, the leading order nuclear structure corrections in muonic deuterium have been evaluated within a few body formalism which reveals the dependence of the correction on the model of the deuteron wave function. Since scattering data do not have the high precision achieved by the muonic atom spectroscopy data, the deuteron charge form factor can be reproduced equally well (within error bars) by all the parametrizations of the deuteron wave function used, irrespective of the percentage of P D in them. However, we notice that a comparison of the radius evaluated using these parametrizations with the precise radius value extracted from µ − d spectroscopy provides a complementary tool to determine P D . Though there do exist model dependent uncertainties in P D (see Table 2 and Fig. 2) , there seems to be a general trend of increasing values of P D for smaller r d .
The few body formalism presented here can also be used to evaluate the nuclear structure corrections in muonic helium atoms which are expected to be studied in future.
